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Abstract — In this paper, we describe the effects of the dipolar
interaction on magnetic systems using an original
implementation of a Dynamic Stoner-Wohlfarth Model
(DSWM) while comparing the results with the widely-used
micromagnetic approach based on the Landau-Lifshitz-Gilbert
equation. This new model for magnetization dynamics is able to
accurately describe time dependent magnetization processes of
large systems of macrospins in interaction in a numerically
efficient manner with the aim of significantly increase the time
range of such simulations.

I. INTRODUCTION

The Landau-Lifshitz-Gilbert (LLG) equation model
developed by Landau [1] and Gilbert [2] is currently the most
used model for magnetization dynamics. With its high degree
of utility and relatively simple form, finding exact solutions
to this equation is a subject of great importance in magnetic
research.

Several attempts were made to find analytical solutions to
the LLG equation regarding precessional [3] and damping
switching [4] but these approaches require physical
constraints on the direction and magnitude of the external
magnetic field, reducing the generality of the problem.
Various numerical solutions were also have been used [5] [6]
[71[8][9], but the computational requirements are usually too
large for many-particle systems. An attempt of improving the
iteration method for finding the equilibrium state of a
magnetic system made by Berkov [10] who used an
acceleration technique based on a FFT algorithm to evaluate
a scalar magnetic potential in order to compute the non-local
energy part. Regarding the main point of this paper, which is
the dipolar (or magnetostatic) interactions, it is worthy to
mention the work of Livshitz [11] who developed a
nonuniform grid algorithm for modelling this kind of
interactions in large systems.

Several aspects of the interactions effect will be discussed,
including variation of distance between particles (volume
packing ratio), initial orientation of the magnetic moment,
material parameters values, like saturation magnetization etc.
Since our model is based on the classical Stoner-Wohlfarth
(SW) model, it’s worth mentioning that this model is of great
importance and relevancy to this day, with applications
including switching [12] [13], crossover [14] and even having
a quantum version [15]. The SW model has other uses in
phenomenological modelling based on the Preisach model
[16-24]. In this work we our aim was to develop a numerically

efficient model able to evaluate the time dependent states of
SW macrospins in interactions without necessarily solve the
LLG differential equations systems. Certainly, this method is
designed for use in large interacting SW macrospin systems.
The accurate evaluation of macrospins dynamics on a wide
time range has many potential applications in technology. It
is well known that in some problems in magnetism (like the
ones related to ferromagnetic resonance in nanoparticulate
systems [16]) can be solved using numerical solutions of the
LLG differential system of equations for a timescale of
nanoseconds/microseconds. However, when we study
magnetic relaxation in such systems, we really need to
integrate the equations on much higher time scales. The
Monte-Carlo methods are often used in this case but the
physical time scale is not well defined in this case [26-28] .

A short description of the model will be presented after
which the basics of the dipolar interaction are going to be
included in the study to show how interaction intensity can
affect the macrospins’ dynamics. Different magnetic systems
in various configurations will be studied using the DSWM
and a comparison between the DSWM and the LLG equation
will be presented in order to validate our model.

II. THE MODEL

The classical Stoner-Wohlfarth model is used to compute
the equilibrium position of the magnetic moment m given
the relative position of the external applied field relative to
the easy-axis of the ferromagnetic particulate medium as well
as its magnitude. To simplify calculations, the numerical
approximation proposed by Wood [17] is used throughout
this study. However, this does not offer information about the
trajectory that m makes while travelling from its initial
position to its equilibrium (target) location. To solve this
problem, we have devised a new model called the Dynamic
Stoner-Wohlfarth Model.

This model is developed as a substitute for the LLG
equation model where the trajectory of m =M /Mg is given

directly as a solution of the equation:
@:—7(M><H)—i M x @ ,
dt M dt

N
where y is the gyromagnetic ratio, H is the total magnetic

field acting on M, M is the saturation magnetization and
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o is the damping constant. The main difference between
LLG and DSWM is that the LLG does not give us the target
position of m before calculating the entire trajectory using a
small size in time-step. Solving the LLG equation requires
substantial computing power when dealing with large
systems of spins, whereas in the DSWM not only do we have
the target position, but we can adjust the time-step df to much
higher values than the LLG counterpart to simulate the
approximate trajectory while still keeping a good numerical
precision.

The basic concept behind the DSWM model is the
separation between the fast precessional motion of the
magnetic moment m when a magnetic field acts on it and the
slow time-scale viscous-like damping motion of m as
suggested by Dimian et al. [18]. Unlike the LLG equation
where both components of the motion contribute to the

variation of the angles {9, (p} of m, in the DSWM a change

in the coordinate system takes place so that each angular
component {@,CD} changes independently (Figure 1b).

Suppose we have the initial position of the moment at a
certain time ¢, m, (t), and that we have to find an

intermediate position at ¢+ 5t as seen in (Figure 1a). In order
to do this, we have to use a coordinate transformation where

the spherical versors of the target moment m,, (teq) replace
the XYZ cartesian system. This is done with the formula:
m™ (t)=R-m, (),

“rot” stands for rotated, R is a matrix whose components

are the projections of the spherical versors {ﬁg,ﬁw,ﬁ,} on

the {OX,0Y,0Z} axes:

cosf,,cosp,, cosb,sing,, —sing,,
R=| —sing, COSQP,, 0 ,
sin6,,cos@,, sing,sing,,  cosb,,

{Heq,(ﬂeq}are the angles of the equilibrium position

determined in the original system of coordinates using the
classical SW model and each magnetic moment is a one-
column matrix with its components:

m

X
m=|m,
mZ

While in this new coordinate system, the following angular
variation formulas are used to find the intermediate position

m™ (1+6t):
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Figure 1: A representation of the change in the system of coordinates for
the DSWM. The versors of the target magnetic moment in spherical

coordinates become the new {OX ,0Y,0Z } system. The blue arrow

represents the magnetic moment’s current position during its various stages
of calculation. In a) the moment is in its initial position while in b) m has
been transported to one of its intermediate positions, leaving behind

m,, (1) and becoming m" (¢+5t) . In ¢) the macrospin is being

determined in its original coordinate system.
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where ;7 is the angle between m,

in

and m, , Stis a

time step similar to the dfrequired for solving the LLG
equation,7,, is the Larmor precession period of m

calculates using the anisotropy field of the macrospin,
H, =2K/uM,, K being the uniaxial anisotropy constant

and g, =47x10"H/m is the vacuum magnetic
permeability:
2
T, =
yH

The parameter ¢, is a quantity measured using the LLG

equation that is meant to represent the equilibrium time it
takes m to reach its target position given the initial position
m, and the magnetic field magnitude a = H,/H, . t, has

been measured using the numerical equilibrium condition
|M>< He,].| <& where ¢ is an arbitrary small quantity taken

as £=10". In order to obtain various values for t,, with

arbitrary inputs several interpolations have been made using
polynomial and gaussian functions which must be evaluated

at every variation of {@),q)} :
teq = f(ein’etar’a)'

Once m™ (1 +6t) has been calculated, the final step is to

revert to the original coordinate system using the transpose of
R in the formula:

m(z+6t)=R"-m"™ (1+61).

These steps offer us a complete trajectory of m between its
initial and equilibrium positions similar to the LLG
algorithm.

The trajectory that m makes during its motion from the
initial position to its target point under the influence of a
magnetic field takes place under a certain amount of time.
This time is called “equilibrium time” or “relaxation time”
and it plays a significant role in simulation of dynamic
processes. Both the LLG equation and the DSWM account
for the presence of the relaxation time in their mathematical
formulation. In the case of the LLG we can change the value
of the relaxation time by modifying y :

7/ =7/'Tr’

where 7, is an arbitrary parameter introduced to modulate the
relaxation time of the particle’s macrospin m . Increasing this
parameter will lead to a lower relaxation time and vice-versa.
The relaxation time changes linearly with 7, because of the
simple, linear form of the above equation.

For the DSWM we need to make two changes since ® and
@ vary independently from each another:

— .
Ly =1y T,

T, 1;K =Ty 7,

The first equation is used to change the damping relaxation
time while the second one modifies the Larmor precession
period of m . Both changes are needed for a linear variation
of the relaxation time.

III. THE DIPOLAR INTERACTIONS

The dipolar interaction is a long-range type of interaction
that occurs between particles with magnetic moments
m,, # 0. The magnetic field created by particle 1 on particle

2 has the expression:

Hdip —
1-2
4r

L{M_ﬂ}
n |
where r,, is the position vector of m, with regard to m, .
In this study we are considering spherical particles with the
same radius R and volume V' =47 R’ /3. This means that the
minimum distance between two particles is equal to their
diameter D =2R . The parameter d =r, / D will be used as

a measure of the inter-particle distance and it will be set to 1
when the particles are adjoined 7, = 2R, bigger than 1 when

the particles are separated 7, >2R and smaller than 1 -
r, <2R - when we simulate stronger interactions (of course

such a case is not physically possible since particles don’t
overlap) (Figure 2).

Figure 2: The particles in dipolar interaction and their relative distancing.
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Since every particle is spherical, considered that m = M,V
we have two cases:
- on the OZ axis (which is also the easy-axis of the particles
throughout the study):

- on the OX axis.
3
Hi_ z_% 5 .
Y 3\

These positions for H,, are called the Gauss points

(Figure 3). Taking r, =1 we have:

M
H,, (d —1):1—23,

M
H¢ziip (d = 1) = —2—:.

In other words, the interaction field is strictly dependent on
the saturation magnetization and the distance between
particles #, which will be adjusted in our simulations by

changing the value of d . The minus sign in Hﬁip suggests

that interaction between particles with their moments m
perpendicular on the lines connecting their centers are of a
demagnetizing nature, leading to a decrease in overall
magnetization, as opposed to particles having m parallel to
their alignment axis which strengthens their magnetic
moment.

Figure 3: An image showing how the dipolar fields act on particles stacked
on the OZ and the OX axis

IV. TWO-PARTICLE SYSTEM

In this section we investigate the effect of the dipolar
interaction on the dynamic of the magnetization of a simple
two particle system. The uniaxial anisotropy constant for both
particles is K =10’ J/m’and their volume is ¥ =2144nm’,
equivalent to a sphere of radius R = 8nm , which means that
they become adjoined at a distance of D =16nm. Using a
saturation of 1 Tesla (M  =1T) the values of the dipolar

fields in their Gauss positions at the minimum distance are
H), =663145A/m and H,, =33157A/m. We first place

the particles on the OX axis, with their easy-axis
perpendicular to OX and simulate dynamic hysteresis loops
(MHL) at v, =10MHz while varying the distance d

between them and saturation magnetization M to see how

the MHL changes with the dipolar interaction intensity. After
that, we place the particles on OZ with the easy-axis parallel
to OZ and repeat the study.

In (Figure 4) we see how increasing the strength of the
interaction leads to a demagnetization effect on the system,
reducing the coercive field and even changing the overall
shape of the MHL at larger M ¢ values. On the other hand, in

(Figure 5) an opposite effect takes place due to the alignment
of the particles whereby increasing the interaction strength
leads to a higher coercive field while keeping the MHL
rectangular shape.

Until now we have considered the two particles to be
identical regarding their properties: same shape, volume,
anisotropy constant, saturation magnetization and relaxation
time. Now let’s see the behavior of two different types of
particles and how the dipolar interaction affects the magnetic
properties of the entire system. One particle will have a large
value of K,=5-10"J/m’and high ¢! =1.5 (or faster
relaxation time) while the other will have a low
K,=10"J/m’and 7’ =0.15(a relaxation time ten times

slower than 7).

In (Figure 6) we see the MHLs at v, =10MHzand

<):(H0,easy-axis) =15" for each particle separately and for

the system without interactions to see later on how
introducing the dipolar interaction will change the shape of
the MHL.
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Figure 4: A comparison between the LLG and DSWM for dynamic MHLs Figure 5: The same analysis conducted as in (Figure 4) but now the
of a system of two particles placed on the OX axis. In the first two graphs particles are on the OZ axis.

the saturation magnetization is kept at 1 Tesla while varying the inter-
particle distance and in the last two graphs the distance is kept constant at

d =1 while changing M .
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particle system. The value of M ¢ has a much more powerful
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Figure 7: A system of two different types of particles with the line
connecting their centers being the OX axis (perpendicular to their easy
axes) and how the dipolar interaction changes their dynamic MHLs.

effect on the shape of the MHLs than the inter-particle
distance d for both the OX (Figure 7) and the OZ axis (Figure
8).
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V. ONE CHAIN SYSTEM

We generalized the previous simulations by placing 50
macrospins on either the OX (Figure 9) or the OZ axis (Figure
10). Since we saw that by modifying M we observe the
same behavior as when changing the inter-particle distance,
we now focus on an 1D array of two types of particles: one
with a high value of K and low relaxation time 7, and

another with a low value of anisotropy k£ and high relaxation
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Figure 9: The particles are placed on the OX axis. In the first two graphs we
have the two types of macrospins alternated while in the last two they are
separated. In the second case we see a greater effect of the inter-particle
distance on the MHL at high values of d (weak interactions) and a stronger
demagnetization effect.

time T, In one data set the two types of particles are
alternated

(K 7,}>{k T,}>{K 7,}>...>{k T} whilein
the other they are stacked separately

(K 7,}>{K 7}>{K 7,}>..>{k T}>{ T}
to see how the relative placement of particles influence the
overall MHL.
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type of particle is present. There is a difference at strong interactions in the
coercive field of the MHL between the two models of magnetization
dynamics when placing the particles separately.

VL

MULTIPLE CHAINS SYSTEM

Now let’s study a 2D system formed by placing a number
N, of chains next to each other in the (XOZ) plane with the

easy-axis along the OZ axis, each chain has 50 spins in it. In
this regard we limited ourselves to the DSWM study only.
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Figure 11: The dynamic MHLs of a 2D system of particles simulated using
the DSWM.

The first two graphs in (Figure /) are obtained by using an
arrangement of spins where one chain is made up entirely of

{ K Tr} type of particles and the next one has only {k Tr}
particles in it. The bottom graphs have each chain split into
two parts: the lower half has only {K Tr} and the upper half

has {k T,} particles.

It is evident that increasing the number of spins does not
have an effect on the shape of the MHL at weak interactions.
However, increasing the number of chains broadens the step
of the MHL in both types of arrangements.
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VII. CONCLUSION

Based on our research and results we can conclude that the
DSWM is a valid model for describing the magnetization
dynamics under the influence of the dipolar interaction. The
comparison with the LLG equation results in the two-particle
system shows that this new model can give accurate results
even when the particles have clearly distinct properties and
their response to the others dipolar magnetic field requires
precise description for obtaining the correct result.
Furthermore, the DSWM gives precise description of the
effects of dipolar interaction on both 1D and 2D ensembles
as shown in the one chain and multiple chain systems,
pointing out the magnetizing/demagnetizing effects when
changing the interaction parameters M and d . For now, we

have testes systems up to 1000 macrospins and the agreement
between DSWM and LLG is still really good. In a further
study we will investigate Co/Pt/Ni multilayer systems and
their response to different external factors as well as FORC
simulations using the DSWM.
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